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Abstract. In this paper we prove that every infinite bounded subgroup of

a relatively finitely presented group is already conjugated to a subgroup of a
parabolic group if the relative Dehn function is well defined.
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1. Introduction

Given a finitely generated group G which has a finite relative presentation

(1.1) xX, H | S “ 1 for S P Sλ, R “ 1 for R P Ry
relative to a collection of parabolic subgroups HΛ “ tHλ | λ P Λu, we want to
determine the subgroups of G which are bounded with respect to the relative metric
dXYH.

It turns out that under the mild assumption that the relative Dehn function is
well defined, there are only trivial examples of such subgroups.

Theorem Let G be a finitely generated group with a finite generating set X. If G
is finitely presented with respect to a set of parabolic subgroups HΛ “ tHλ | λ P Λu
such that the relative Dehn function is well defined. Let K ď G be a subgroup
which is bounded with respect to the relative metric dXYH. Then K is either finite
or conjugated to an infinite subgroup of a parabolic group.

2. Relatively finitely presented groups

In this section we provide the necessary notation for the study of relatively
finitely presented groups which was introduced by Osin [Osi06].

Definition 2.1. [Osi06, 2.1] Let G be a group and let HΛ “ tHλ | λ P Λu be a
collection of subgroups of G. A subset X Ă G is called a relative generating set of
G with respect to HΛ if G is generated by

Ť

λPΛ

Hλ YX.
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For every index λ P Λ we fix an isomorphic copy rHλ of Hλ such that the union

H “
Ť

λPΛ

p rHλzt1uq is disjoint. Further we will always assume that the relative

generating set satisfies X “ X´1 and X X rHλ “ H for every λ P Λ. Then G is a
quotient of the group

F “ p˚λPΛ rHλq ˚ F pXq.

Definition 2.2. [Osi06, 2.2] In the above situation let ε be the canonical projection
from F to G. Let R Ă pXYHq˚ be a subset such that the normal closure xxRyyF of
R in F satisfies xxRyyF “ kerpεq. Then we say that G has the relative presentation

(2.1) xX, H | S “ 1 for S P Sλ, R “ 1 for R P Ry

with respect to HΛ where Sλ is the set of all words over the alphabet rHλzt1u which
represent the identity in Hλ. The subgroups Hλ are called parabolic.

In the following we will always assume that the set R is symmetrized. That is,
R is closed under taking cyclic permutations and inverses.

Definition 2.3. [Osi06, 2.3] The relative presentation (2.1) of G is called finite if
the sets R and X are finite. If G has a finite presentation relative to a collection
of subgroups HΛ “ tHλ | λ P Λu we say that G is finitely presented relative to HΛ.

Let w be a word in pX YHq˚. In the following we denote the word length of w
by ‖ w ‖ and the image of w in G by w. If Y is an ordinary generating set of G we
write |w|Y for the length of w P G with respect to the word metric dY .

Definition 2.4. [Osi06, 1.2] A function f : N Ñ N is a relative isoperimetric
function of the relative presentation (2.1) if for every word w P pX YHq˚ of length
at most n which represents the identity 1 in G, there is an expression of the form

(2.2) w “F

k
ź

i“1

f´1
i Rifi,

with fi P F , Ri P R and k ď fpnq. The minimal relative isoperimetric function of
the relative presentation (2.1) is called the relative Dehn function of G with respect
to HΛ and will be denoted by δrelG,HΛ

. We note that the relative Dehn function does

not have to exist since the set pXYHq˚ can contain infinitely many reduced words
of a given length which represent the identity in G. If the relative Dehn function
exists we will say that δrelG,HΛ

is well defined.

Remark 2.5. We want to emphasize that the sets X and H are disjoint, but can
represent the same elements in G. This may lead to the situation that there are
several edges different two vertices in ΓpG,X YHq.

Definition 2.6. [Osi06, 2.18] Let w P pX Y Hq˚ be a word. A subword v of w

is an Hλ-subword if it consists of letters of rHλ. An Hλ-subword v is called Hλ-
syllable if it is not contained properly in another Hλ-subword. By a cyclic word w
we mean the set of all cyclic permutations of w. A subword v of a cyclic word w is
an Hλ-subword, if it is an Hλ-subword of a cyclic permutation of w. Accordingly,
a maximal Hλ-subword of a cyclic word w is an Hλ-syllable.

Definition 2.7. [Osi06, 2.19] Let q be a path in ΓpG,X YHq. A subpath p of q is
an Hλ-subpath, if the label of p is an Hλ-subword of the label of q. Here we always
assume that the subpath p is endowed with the orientation induced from q. Let
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µpqq denote the label of q. An Hλ-component of q is an Hλ-subpath p such that
µppq is an Hλ-syllable of µpqq. If q is a cyclic path in ΓpG,X YHq, then a subpath
p of q is an Hλ-subpath, if µppq is a subword of the cyclic word µpqq. In this case
an Hλ-component of q is an Hλ-subpath p of q such that µppq is an Hλ-syllable of
the cyclic word µpqq.

Definition 2.8. [Osi06, 2.20] Two Hλ-components p1 and p2 of a path q (cyclic or
not) in ΓpG,X YHq are said to be connected, if there is a path c in ΓpG,X YHq
which connects a vertex of p1 with a vertex of p2 and µpcq consists of letters of rHλ.
Two Hλ-syllables u, v of a word w P pX YHq˚ are connected, if the corresponding
components of a path with the label w are connected in ΓpG,X YHq.

Definition 2.9. [Osi06, 2.21] An Hλ-component p of a path q (cyclic of not) is
isolated, if there are no further Hλ-components of q which are connected to p. An
isolated Hλ-syllable of a word w P pX YHq˚ is defined analogously.

Definition 2.10. [Osi06, 2.24] A relative presentation (2.1) of a groupG is reduced,
if every relation R P R has the shortest length among all words in pX YHq˚ which
represent the same element in

F “ p˚λPΛ rHλq ˚ F pXq.

In particular every Hλ-syllable of every element R P R consists of a single letter of
rHλ.

Definition 2.11. [Osi06, 2.25] For a relative presentation (2.1) and λ P Λ let Ωλ
be the set of all elements h P Hλ, for which there is a relation R P R and an Hλ-
syllable v of R such that v represents the element h. Let further be Ω “

Ť

λPΛ

Ωλ.

We note that Ω is finite if R is finite.

The following lemma allows us to switch between the metrics dX and dXYH.

Lemma 2.12. [Osi06, 2.27] Let G be a relatively finitely presented group with
respect to a collection of subgroups HΛ “ tHλ | λ P Λu. Let

(2.3) xX, H | S “ 1 for S P Sλ, R “ 1 for R P Ry
be a reduced, relative presentation of G. Let further q be a cyclic path of length n
in ΓpG,X YHq and p1, . . . , pk a set of isolated Hλ-components of q. Then

(2.4) µppiq P xΩλy for every i P t1, . . . , ku.

Further
k
ř

i“1

|µppiq|Ωλ ďMδrelG,HΛ
pnq, where M “ max

RPR
||R||.

In the following we will identify a word w P pX Y Hq˚ with the path γ in
ΓpG,X Y Hq which starts at the identity and has the label µpγq “ w. The next
theorem will often be used implicitly.

Theorem 2.13. [Osi06, 2.34] Let

(2.5) xX1, H | S “ 1 for S P Sλ, R “ 1 for R P R1y

and

(2.6) xX2, H | S “ 1 for S P Sλ, R “ 1 for R P R2y

be two finite relative presentations of a group G with respect to a collection of
subgroups Hλ “ tHλ | λ P Λu. Let further δ1 and δ2 be the corresponding relative
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Dehn functions. If δ1 is well defined, then δ2 is also well defined and there are
constants C,K,L satisfying

δ1pnq ď Cδ2pKnq ` Ln and δ2pnq ď Cδ1pKnq ` Ln for every n P N.

3. Dichotomy of infinite subgroups

To simplify the following arguments we will introduce regular neighbourhoods of
paths in Cayley graphs. This definition is motivated by the corresponding definition
of regular neighbourhoods in topology.

Definition 3.1. Let G be a group and let X be a generating set of G. A word w “
xi1 . . . xin P X

˚ has a regular neighbourhood in ΓpG,Xq, if for some (equivalently
any) path γ in ΓpG,Xq with the label w, two vertices in γ can be connected by
an edge if and only if they are already consecutive vertices in γ. This means that
every subword v of w of length at least 2 satisfies |v|X ě 2 when considered as an
element of G.

Definition 3.2. Let G be a finitely generated group with a finite generating set
X. Suppose that G is relatively finitely presented with respect to a collection of
parabolic subgroups HΛ “ tHλ | λ P Λu and that the relative Dehn function δrelG,HΛ

is well defined. A sequence of words pwnqnPN over X YH satisfies the alternating

growth condition, in the following ag-condition, if the words wn “ w
pnq
1 . . . w

pnq
kn

satisfy the following conditions:

1) kn ě 2 for every n P N.
2) Every word wn has a regular neighbourhood in ΓpG,X YHq.
3) Two consecutive letters w

pnq
i and w

pnq
i`1 are never lying in X, or in the same

group rHλ.

4) The initial letter w
pnq
1 does not lie in X.

5) Every element w
pnq
i P H satisfies |w

pnq
i |X ě n for every n P N.

6) The elements w
pnq
i P rHλ do not represent elements of the set

X Y
Ť

µPΛztλu

Hµ Ă G.

Remark 3.3. If we replace the 5. condition with the condition that the sequence

p|w
pnq
i |XqnPN is unbounded, then, by restriction to a subsequence, it can always be

made sure that the 5. and 6. condition is satisfied. To see this, we note that on the
one hand the index set Λ is finite since G is finitely generated ([Osi06, Corollary
2.48]) and on the other hand the intersection Hλ XHµ is finite for λ ‰ µ since the
relative Dehn function was supposed to be well defined ([Osi06, Proposition 2.36]).

In the following this remark is going to be used frequently without mentioning
it explicitly.

Lemma 3.4. Let G be a finitely generated group with a finite generating set X.
Suppose that G is relatively finitely presented with respect to a collection of parabolic
subgroups HΛ “ tHλ | λ P Λu and that the relative Dehn function δrelG,HΛ

is well

defined. Then for every length L P N0 and every point p P ΓpG,X YHq there are
only finitely many cycles γ of length at most L in ΓpG,X YHq such that γ starts
at p and the components of γ are isolated.

Proof. Suppose that there are infinitely many cycles starting at some point p whose
components are isolated. Since X and Λ are finite, there has to be an index λ P Λ
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such that rHλ contains infinitely many different labels of edges of these cycles. Then
their length is growing unboundedly with respect to X. But this cannot happen
due to Lemma 2.12. �

Given a number n P N, our goal is it to construct an infinite sequence of words
of length at least n which satisfies the ag-condition. First we introduce a method
that allows us to combine to sequences of words which satisfy the ag-condition to
a sequence of longer words that satisfies the ag-condition.

Lemma 3.5. Let G be a finitely generated group with a finite generating set X.
Suppose that G is relatively finitely presented with respect to a collection of parabolic
subgroups HΛ “ tHλ | λ P Λu and that the relative Dehn function δrelG,HΛ

is well

defined. Let M,N ě 2 be two numbers and let pvnqnPN respectively pwnqnPN be
sequences of words of length M respectively N over the alphabet X YH. We write

vn “ v
pnq
1 ¨ ¨ ¨ v

pnq
M and wn “ w

pnq
1 ¨ ¨ ¨w

pnq
N . If pvnqnPN and pwnqnPN satisfy the ag-

condition then the following hold.

1) Suppose that there are two strictly increasing sequences of natural numbers

psiqiPN and ptiqiPN such that v
psiq
M and w

ptiq
1 never lie in the same set X, nor

represent elements of the same group Hλ. Then there is a strictly increasing
sequence of natural numbers pkiqiPN such that the sequence of words

pv
pski q

1 ¨ ¨ ¨ v
pski q

M w
ptki q

1 ¨ ¨ ¨w
ptki q

N qiPN

satisfies the ag-condition.
2) Suppose that there are two strictly increasing sequences of natural numbers

psiqiPN and ptiqiPN such that v
psiq
M and w

ptiq
1 lie in the same group rHλ. If the

sequence of lengths p|v
psiq
M w

ptiq
1 |XqiPN is unbounded, then there is a strictly

increasing sequence of natural numbers pkiqiPN such that the sequence of
words

pv
pski q

1 ¨ ¨ ¨ v
pski q

M´1z
piqw

ptki q

2 ¨ ¨ ¨w
ptki q

N qiPN,

where zpiq P rHλ is the element represented by the word v
pski q

M w
ptki q

1 , satisfies
the ag-condition.

Proof. First we prove 1q. Suppose that there is no sequence such pkiqiPN. Then
there are infinitely many words of the form

pv
psiq
1 ¨ ¨ ¨ v

psiq
M w

ptiq
1 ¨ ¨ ¨w

ptiq
N qiPN

which do not satisfy the conditions of Definition 3.2. Due to Remark 3.3 we can
assume that all but the second condition are satisfied. Thus by restriction to a
subsequence we can assume that none of the words

v
psiq
1 ¨ ¨ ¨ v

psiq
M w

ptiq
1 ¨ ¨ ¨w

ptiq
N

has regular neighbourhood. Since the subwords v
psiq
1 ¨ ¨ ¨ v

psiq
M and w

ptiq
1 ¨ ¨ ¨w

ptiq
N have

regular neighbourhoods we obtain cycles

(3.1) qi “ vpsiqai ¨ ¨ ¨ v
psiq
M w

ptiq
1 ¨ ¨ ¨w

ptiq
bi

ui

for some appropriate elements ui P X Y H and ai, bi P N. Let ai respectively bi
be maximal respectively minimal for each i P N with the property that there is
a cycle of the form (3.1). Then the components of qi are isolated and consist of
single edges. Due to our construction the length of the cycles qi is bounded by
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M `N ` 1. In this case Lemma 3.4 tells us that there are only finitely many such
cycles. This contradicts the fact that every cycle qi contains an edge with the label

w
ptiq
1 . Indeed, the conditions 4q and 5q of Definition 3.2 immediately imply that

the sequence p|w
ptiq
1 |XqiPN is unbounded.

Case 2q will now be reduced to case 1q. Suppose that there is no such sequence
pkiqiPN. Then there are infinitely many words of the form

pv
psiq
1 ¨ ¨ ¨ v

psiq
M´1z

piqw
ptiq
2 ¨ ¨ ¨w

ptiq
N qiPN

with zpiq “ v
psiq
M w

ptiq
1 which do not satisfy the conditions of Definition 3.2. Again,

by applying Remark 3.3 we can assume that all but the second condition are sat-

isfied. Suppose that infinitely many subwords v
psiq
1 ¨ ¨ ¨ v

psiq
M´1z

piq do not have a reg-
ular neighbourhood. Then, by restriction to a subsequence, we can assume that

none of the words v
psiq
1 ¨ ¨ ¨ v

psiq
M´1z

piq has a regular neighbourhood. Since the word

v
psiq
1 ¨ ¨ ¨ v

psiq
M´1 has a regular neighbourhood for every i P N, we can choose ai P N

maximal such that there is a cycle of the form qi “ v
psiq
ai ¨ ¨ ¨ v

psiq
M´1z

piqui for some
appropriate element ui P X YH. Due to the maximality of ai the components of
qi are isolated and consist of single edges. Further we see that the length of every
cycle qi is bounded by M ` 1. Thus, as in case 1q, Lemma 3.4 implies that there
are only finitely many cycles qi. But this contradicts the assumption that zpiq is
contained in qi, since the sequence p|zpiq|XqiPN is unbounded.

In particular we see that, by restriction to a subsequence, the words

v
psiq
1 ¨ ¨ ¨ v

psiq
M´1z

piq and w
ptiq
2 ¨ ¨ ¨w

ptiq
N

have regular neighbourhoods and the sequences

pv
psiq
1 ¨ ¨ ¨ v

psiq
M´1z

piqqiPN and pw
ptiq
2 ¨ ¨ ¨w

ptiq
N qiPN

satisfy the ag-condition. Due to construction zpiq and w
ptiq
2 neither lie both in the

relative generating set X nor they lie in the same group rHλ. Thus the conditions
of case 1q are satisfied and the claim follows. �

Corollary 3.6. Let G be a finitely generated group with a finite generating set X.
Suppose that G is relatively finitely presented with respect to a collection of parabolic
subgroups HΛ “ tHλ | λ P Λu and that the relative Dehn function δrelG,HΛ

is well

defined. Let pwnqnPN be a sequence of words of length m ě 2 over the alphabet
XYH which satisfies the ag-condition and let K be the subgroup of G generated by
twn | n P Nu. Then there is a constant C P N such that for every natural number
L P N there is a sequence of words pvnqnPN over X Y H such that the following
holds.

1) pvnqnPN satisfies the ag-condition.
2) The length of every word vn is bounded by L ď }vn} ď L` C.
3) Every word vn represents an element of the group K.

Proof. The definition of the ag-condition implies, that by restriction to a subse-
quence, we can assume that pwnqnPN has one of the following two properties.

1) There is no n P N such that w
pnq
1 and w

pnq
m represent elements of the same

parabolic subgroup Hλ.
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2) For every n P N the elements w
pnq
1 and w

pnq
m represent elements of the same

parabolic subgroup Hλ and satisfy |w
pnq
1 |X , |w

pnq
m |X ě n.

We will use Lemma 3.5 inductively. We assume that the first case is satisfied. Then
due to Lemma 3.5 1q there are subsequences

pw
pinq
1 ¨ ¨ ¨w

pinq
m qnPN and pw

pjnq
1 ¨ ¨ ¨w

pjnq
m qnPN

such that the concatenated sequence

pvnqnPN :“ pw
pinq
1 ¨ ¨ ¨w

pinq
m w

pjnq
1 ¨ ¨ ¨w

pjnq
m qnPN

satisfies the ag-condition. Further we have ‖ vn ‖“ 2m and Lemma 3.5 1q can be

applied to the sequences pvnqnPN and pw
pjnq
1 ¨ ¨ ¨w

pjnq
m qnPN. Given a number k P N,

we can construct inductively a sequence of length km that satisfies the ag-condition.

In the case of 2q the unbounded growth of |w
pnq
1 |X implies that there is a sub-

sequence pw
pknq
1 ¨ ¨ ¨w

pknq
m qnPN such that |w

pnq
m w

pknq
1 |X ě n for every n P N. In

particular we see that Lemma 3.5 2q can be applied to the sequences pwnqnPN and
pwknqnPN to obtain a sequence of the form

pvnqnPN :“ pw
pinq
1 ¨ ¨ ¨w

pinq
m´1z

pnqw
pjnq
2 ¨ ¨ ¨wpjnqm qnPN

which satisfies the ag-condition. Here the letter zpnq P rHλ corresponds to some

element w
pinq
m w

pjnq
1 P Hλ. Now we can apply Lemma 3.5 2q to pvnqnPN and an

appropriate subsequence pwrnqnPN of pwnqnPN. By induction we obtain sequences
of words of length m ` kpm ´ 1q which satisfy the ag-condition. The claim now
follows by setting C “ m. �

Lemma 3.7. Let G be a finitely generated group with a finite generating set X.
Suppose that G is relatively finitely presented with respect to a collection of parabolic
subgroups HΛ “ tHλ | λ P Λu and that the relative Dehn function δrelG,HΛ

is well

defined. If pwnqnPN is a sequence of words over X Y H which satisfies the ag-
condition, then the subgroup K of G generated by twn | n P Nu is unbounded with
respect to dXYH.

Proof. Suppose that this is not the case. Then there is a number N P N such that
the dXYH-length of every element of K is bounded by N . Due to Corollary 3.6
there is a number L ě 4N such that there is a sequence of words pvnqnPN of
length L over X YH such that pvnqnPN satisfies the ag-condition and every word
vn represents an element of K. By restriction to a subsequence we can assume
that |vn|XYH “ M ď N for every n P N and some appropriate M P N. Thus, for

every n P N there is a geodesic u
pnq
1 ¨ ¨ ¨u

pnq
M such that qn “ v

pnq
1 ¨ ¨ ¨ v

pnq
L u

pnq
1 ¨ ¨ ¨u

pnq
M

is a cycle in ΓpG,X YHq. The ag-condition assures that v
pnq
1 ¨ ¨ ¨ v

pnq
L has a regular

neighbourhood. In particular the components of v
pnq
1 ¨ ¨ ¨ v

pnq
L are isolated and consist

of single edges. Further the ag-condition tells us that at least every second edge is

isolated. Thus there are at least 2N isolated components in v
pnq
1 ¨ ¨ ¨ v

pnq
L . We note

that for every isolated component u
pnq
i in u

pnq
1 ¨ ¨ ¨u

pnq
M there is at most one isolated

component v
pnq
j in v

pnq
1 ¨ ¨ ¨ v

pnq
L which is connected to u

pnq
i , since otherwise there

would be a connection between two different isolated components of v
pnq
1 ¨ ¨ ¨ v

pnq
L by

a Hλ-path in ΓpG,XYHq. This implies that there are at least 2N´M ě N isolated
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components in qn. Due to the ag-condition these components grow unboundedly.
But since the dXYH-length of every cycle qn is bounded by N ` L, we obtain a
contradiction to Lemma 3.4. �

Lemma 3.8. Let G be a finitely generated group with a finite generating set X.
Suppose that G is relatively finitely presented with respect to a collection of parabolic
subgroups HΛ “ tHλ | λ P Λu and that the relative Dehn function δrelG,HΛ

is well
defined. Let K ď G be an infinite subgroup which is bounded with respect to the
metric dXYH. Then there is an element g P G and an index η P Λ such that
|gKg´1 XHη| “ 8.

Proof. Since K is bounded with respect to dXYH every conjugate gKg´1 is a
bounded subset of ΓpG,XYHq. Let n P N be minimal with the following property:

p‹q There is a conjugate H “ gKg´1 of K and a finite relative generating set
X of G such that there is an infinite sequence of pairwise distinct elements
kj P H of the form

kj “ u
pjq
1 ¨ ¨ ¨upjqn

such that the words u
pjq
1 ¨ ¨ ¨u

pjq
n are labels of geodesics in ΓpG,X YHq.

Since G is finitely generated we can enlarge the finite relative generating set of G,
which was chosen with respect to n, to a finite ordinary generating set X “ X´1 of
G. Indeed, this is possible due to Theorem 2.13 since the minimality of n allows us to
take a subsequence pkjqjPN which also satisfies the condition on n. First we consider
the case that n “ 1. In this case the finiteness of X implies that there are infinitely

many elements kj lying in H “
Ť

λPΛ

p rHλzt1uq. Further the index set Λ has to be finite

since G is finitely generated ([Osi06, Corollary 2.48]). Thus there has to be an index
η P Λ such that infinitely many pairwise distinct elements of the sequence pkjqjPN lie

in rHη. In this case, the intersection of H “ gKg´1 and the parabolic subgroup Hη

is infinite. Next we will show that the assumption n ě 2 leads to a contradiction.
Thus, let n ě 2. Our goal is to modify the sequence pkjqjPN in such a way that the
ag-condition is satisfied. Suppose that there are infinitely many j P N such that

u
pjq
1 P X. Since X is finite there is an element x1 P X and a subsequence pkjmqmPN

of pkjqjPN with u
pjmq
1 “ x1 for every m. Otherwise, if there are only finitely many

j with u
pjq
1 P X, the finiteness of Λ implies that there is an index λ1 P Λ and a

subsequence pkjmqmPN with u
pjmq
1 P Hλ1 for every m. In this case there could be an

element h1 P Hλ1
such that u

pjmq
1 “ h1 for infinitely many m. Then we can add the

elements h1 and h´1
1 to X and proceed as in the first case by restricting pkjqjPN to

a subsequence pklmqmPN such that on the one hand the condition p‹q is satisfied and

on the other hand u
plmq
1 “ h1 for every m P N. In the remaining case we can choose

a subsequence pkjmqmPN such that |u
pjmq
i |X ă |u

pjm`1q

i |X for every m P N. In every
case we replace the given sequence with the subsequence. We proceed analogously

with the other indices i P t2, . . . , nu and we write pgjqjPN “ pu
pjq
1 ¨ ¨ ¨u

pjq
n qjPN for

the sequence of elements gj P H obtained in that way. Further we can assume

that neither the two consecutive letters u
pjq
i , u

pjq
i`1 nor the letters u

pjq
n , u

pjq
1 both lie

in X, since otherwise we could add u
pjq
i u

pjq
i`1 and pu

pjq
i u

pjq
i`1q

´1 (respectively u
pjq
n u

pjq
1
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and pu
pjq
n u

pjq
1 q´1) to X in order to obtain a shorter sequence of infinitely many

pairwise distinct elements of H (respectively of u
pjq
´1Hu

pjq
1 ) with respect to dXYH.

Since the words u
pjq
1 ¨ ¨ ¨u

pjq
n are labels of geodesics, it follows immediately that two

consecutive letters u
pjq
i and u

pjq
i`1 do not represent elements of the same parabolic

subgroup Hλ. To get sure that the sequence pgjqjPN satisfies the forth condition

of the definition of the ag-condition, an element u
pjq
1 ¨ ¨ ¨u

pjq
n can be replaced by

its inverse pu
pjq
1 ¨ ¨ ¨u

pjq
n q

´1 “ pu
pjq
n q

´1 ¨ ¨ ¨ pu
pjq
1 q´1. Due to Remark 3.3 a further

restriction to an appropriate subsequence provides us with a sequence pgjqjPN which
satisfies the ag-condition. But this contradicts Lemma 3.7 since H was supposed
to be bounded with respect to dXYH. �

Theorem 3.9. Let G be a finitely generated group with a finite generating set X.
Suppose that G is relatively finitely presented with respect to a collection of parabolic
subgroups HΛ “ tHλ | λ P Λu and that the relative Dehn function δrelG,HΛ

is well
defined. Let K ď G be a subgroup which is bounded with respect to the relative
metric dXYH. Then K is either finite or conjugated to an infinite subgroup of a
parabolic group.

Proof. Suppose that K is an infinite group. Due to Theorem 3.8 there is an index
η P Λ and an element g P G with |gKg´1XHη| “ 8. Thus we can choose a sequence
of distinct, nontrivial elements phnqnPN of gKg´1 X Hη. Suppose that gKg´1 is
not a subgroup of Hη. Then there is an element a P gKg´1zHη. By adding
a, a´1 to X we can ensure that the dXYH-length of every element of the sequence
phnaqnPN is bounded by 2. It is easily seen that, by restriction to an appropriate
subsequence, the sequence of word over X YH corresponding to phnaqnPN satisfies
the ag-condition. In this case Lemma 3.7 says that the subgroup xtahn | n P Nuy
of gKg´1 is unbounded with respect to dXYH. This is a contradiction to the
assumption that K is bounded and thus the claim follows. �
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