BOUNDED SUBGROUPS OF RELATIVELY FINITELY
PRESENTED GROUPS

EDUARD SCHESLER

ABSTRACT. In this paper we prove that every infinite bounded subgroup of
a relatively finitely presented group is already conjugated to a subgroup of a
parabolic group if the relative Dehn function is well defined.
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1. INTRODUCTION

Given a finitely generated group G which has a finite relative presentation
(1.1) (X, H|S=1for SeSy, R=1for Re R)

relative to a collection of parabolic subgroups Hy = {Hy | A € A}, we want to
determine the subgroups of G which are bounded with respect to the relative metric
quH'

It turns out that under the mild assumption that the relative Dehn function is
well defined, there are only trivial examples of such subgroups.

Theorem Let G be a finitely generated group with a finite generating set X. If G
is finitely presented with respect to a set of parabolic subgroups Hy = {H | A € A}
such that the relative Dehn function is well defined. Let K < G be a subgroup
which is bounded with respect to the relative metric dx x. Then K is either finite
or conjugated to an infinite subgroup of a parabolic group.

2. RELATIVELY FINITELY PRESENTED GROUPS

In this section we provide the necessary notation for the study of relatively
finitely presented groups which was introduced by Osin [Osi06].

Definition 2.1. [Osi06, 2.1] Let G be a group and let Hy = {Hx | A € A} be a
collection of subgroups of G. A subset X < G is called a relative generating set of

G with respect to Hp if G is generated by ) Hx v X.
AEA
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For every index A € A we fix an isomorphic copy H » of Hy such that the union
H = |J (HA\{1}) is disjoint. Further we will always assume that the relative

AeA
generating set satisfies X = X! and X n Hy = J for every A € A. Then G is a
quotient of the group

F = (*/\eAﬁ)\) *F(X)

Definition 2.2. [Osi06, 2.2] In the above situation let € be the canonical projection
from F to G. Let R = (X UH)* be a subset such that the normal closure ((R))" of
R in F satisfies ((R))f" = ker(g). Then we say that G has the relative presentation

(2.1) (X, H|S=1for SeSy, R=1for ReR)

with respect to Hy where Sy is the set of all words over the alphabet Hy\{1} which
represent the identity in H). The subgroups H) are called parabolic.

In the following we will always assume that the set R is symmetrized. That is,
R is closed under taking cyclic permutations and inverses.

Definition 2.3. [Osi06, 2.3] The relative presentation (2.1) of G is called finite if
the sets R and X are finite. If G has a finite presentation relative to a collection
of subgroups Hy = {H, | A € A} we say that G is finitely presented relative to Hy.

Let w be a word in (X u H)*. In the following we denote the word length of w
by || w || and the image of w in G by w. If Y is an ordinary generating set of G we
write |w|y for the length of W € G with respect to the word metric dy.

Definition 2.4. [Osi06, 1.2] A function f : N — N is a relative isoperimetric
function of the relative presentation (2.1) if for every word w € (X U H)* of length
at most n which represents the identity 1 in G, there is an expression of the form

k
(2.2) w=p Hfi_lRifm
i=1
with f; € F, R; € R and k < f(n). The minimal relative isoperimetric function of
the relative presentation (2.1) is called the relative Dehn function of G with respect
to Hy and will be denoted by 586_11“. We note that the relative Dehn function does
not have to exist since the set (X U H)* can contain infinitely many reduced words
of a given length which represent the identity in G. If the relative Dehn function

exists we will say that 52‘8,111,\ is well defined.

Remark 2.5. We want to emphasize that the sets X and H are disjoint, but can
represent the same elements in G. This may lead to the situation that there are
several edges different two vertices in T'(G, X U H).

Definition 2.6. [Osi06, 2.18] Let w € (X u H)* be a word. A subword v of w
is an Hy-subword if it consists of letters of H . An Hy-subword v is called H -
syllable if it is not contained properly in another H-subword. By a cyclic word w
we mean the set of all cyclic permutations of w. A subword v of a cyclic word w is
an H-subword, if it is an H)-subword of a cyclic permutation of w. Accordingly,
a maximal Hy-subword of a cyclic word w is an H-syllable.

Definition 2.7. [Osi06, 2.19] Let ¢ be a path in I'(G, X U H). A subpath p of ¢ is

an H-subpath, if the label of p is an H)-subword of the label of q. Here we always
assume that the subpath p is endowed with the orientation induced from ¢. Let
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1(q) denote the label of g. An Hy-component of ¢ is an Hy-subpath p such that
w(p) is an Hy-syllable of u(q). If ¢ is a cyclic path in I'(G, X U H), then a subpath
p of ¢ is an Hy-subpath, if u(p) is a subword of the cyclic word p(g). In this case
an Hy-component of ¢ is an Hy-subpath p of ¢ such that p(p) is an H)y-syllable of
the cyclic word p(q).

Definition 2.8. [0si06, 2.20] Two H-components p; and py of a path ¢ (cyclic or
not) in I'(G, X U H) are said to be connected, if there is a path ¢ in I'(G, X U H)
which connects a vertex of p; with a vertex of py and p(c) consists of letters of H,.
Two Hy-syllables u,v of a word w € (X u H)* are connected, if the corresponding
components of a path with the label w are connected in I'(G, X U H).

Definition 2.9. [0si06, 2.21] An H)y-component p of a path ¢ (cyclic of not) is
isolated, if there are no further Hy-components of ¢ which are connected to p. An
isolated Hj-syllable of a word w € (X u H)* is defined analogously.

Definition 2.10. [Osi06, 2.24] A relative presentation (2.1) of a group G is reduced,
if every relation R € R has the shortest length among all words in (X u H)* which
represent the same element in

F = (sxeaHy) = F(X).
In particular every H-syllable of every element R € R consists of a single letter of
Hy.

Definition 2.11. [Osi06, 2.25] For a relative presentation (2.1) and A € A let Q)
be the set of all elements h € H), for which there is a relation R € R and an H -

syllable v of R such that v represents the element h. Let further be Q@ = | J Q..
AeA
We note that  is finite if R is finite.

The following lemma allows us to switch between the metrics dx and dx .

Lemma 2.12. [Osi06, 2.27] Let G be a relatively finitely presented group with
respect to a collection of subgroups Hy = {H | A € A}. Let

(2.3) (X, H|S=1forSeSyx, R=1for RER)

be a reduced, relative presentation of G. Let further q be a cyclic path of length n
inT(G,X UH) and p1,...,pr a set of isolated Hy-components of q. Then

(2.4) w(pi) € {Qy) for everyie {1,... k}.
k
Further Y} |u(pi)|a, < Mgy, (n), where M = r}ga%HRH.
i=1 ’ €
In the following we will identify a word w € (X u H)* with the path v in
I'(G, X U H) which starts at the identity and has the label u(y) = w. The next
theorem will often be used implicitly.

Theorem 2.13. [Osi06, 2.34] Let

(2.5) (X1, H|S=1forSeS\, R=1 for ReRy)
and
(2.6) (Xo, H|S=1forSeS\, R=1 for Re Ra)

be two finite relative presentations of a group G with respect to a collection of
subgroups Hy = {Hx | A € A}. Let further 61 and 02 be the corresponding relative
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Dehn functions. If 81 is well defined, then do is also well defined and there are
constants C, K, L satisfying

d1(n) < C63(Kn) + Ln and d2(n) < C6(Kn) + Ln for every n € N.
3. DICHOTOMY OF INFINITE SUBGROUPS

To simplify the following arguments we will introduce regular neighbourhoods of
paths in Cayley graphs. This definition is motivated by the corresponding definition
of regular neighbourhoods in topology.

Definition 3.1. Let G be a group and let X be a generating set of G. A word w =
Xy .. .x;, € X* has a regular neighbourhood in I'(G, X), if for some (equivalently
any) path v in I'(G, X) with the label w, two vertices in  can be connected by
an edge if and only if they are already consecutive vertices in . This means that
every subword v of w of length at least 2 satisfies [v|x > 2 when considered as an
element of G.

Definition 3.2. Let G be a finitely generated group with a finite generating set
X. Suppose that G is relatively finitely presented with respect to a collection of
parabolic subgroups Hy = {Hy | A € A} and that the relative Dehn function ¢,

is well defined. A sequence of words (wy,)neny over X U H satisfies the alternating

growth condition, in the following ag-condition, if the words w, = w&m . w,(:L)

satisfy the following conditions:

1) kn = 2 for every n e N.

2) Every word w,, has a regular neighbourhood in I'(G, X U H).

(n) (n)

3) Two consecutive letters w; ’ and w; 7 are never lying in X, or in the same

group H,.

4) The initial letter wgn) does not lie in X.

5) Every element w!™

(n)

%

€ H satisfies |w§n)|x > n for every n € N.
€ Hy do not represent elements of the set

Xv U H,cG.
HEAV(A)

Remark 3.3. If we replace the 5. condition with the condition that the sequence

6) The elements w

(|w£n) |x )nen is unbounded, then, by restriction to a subsequence, it can always be
made sure that the 5. and 6. condition is satisfied. To see this, we note that on the
one hand the index set A is finite since G is finitely generated ([Osi06, Corollary
2.48]) and on the other hand the intersection H) n H,, is finite for A # pu since the
relative Dehn function was supposed to be well defined ([Osi06, Proposition 2.36]).

In the following this remark is going to be used frequently without mentioning
it explicitly.

Lemma 3.4. Let G be a finitely generated group with a finite generating set X.
Suppose that G is relatively finitely presented with respect to a collection of parabolic
subgroups Hy = {Hx | X\ € A} and that the relative Dehn function o'y, is well
defined. Then for every length L € Ny and every point p € T'(G, X U H) there are
only finitely many cycles vy of length at most L in I'(G, X U H) such that «y starts
at p and the components of v are isolated.

Proof. Suppose that there are infinitely many cycles starting at some point p whose
components are isolated. Since X and A are finite, there has to be an index A € A
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such that H contains infinitely many different labels of edges of these cycles. Then
their length is growing unboundedly with respect to X. But this cannot happen
due to Lemma 2.12. (]

Given a number n € N, our goal is it to construct an infinite sequence of words
of length at least n which satisfies the ag-condition. First we introduce a method
that allows us to combine to sequences of words which satisfy the ag-condition to
a sequence of longer words that satisfies the ag-condition.

Lemma 3.5. Let G be a finitely generated group with a finite generating set X.
Suppose that G is relatively finitely presented with respect to a collection of parabolic
subgroups Hy = {Hx | X\ € A} and that the relative Dehn function 65y, is well
defined. Let M,N = 2 be two numbers and let (v,)nen respectively (wp)nen be
sequences of words of length M respectively N over the alphabet X U H. We write
vy, = UE") . --UEC}) and w, = w§") . wg\?) If (Vp)nen and (wp)nen satisfy the ag-
condition then the following hold.
1) Suppose that there are two strictly increasing sequences of natural numbers
(8i)ien and (t;)ien such that ’Ug\f[i) and wgti) never lie in the same set X, nor
represent elements of the same group Hy. Then there is a strictly increasing
sequence of natural numbers (k;)ien such that the sequence of words
(U§Ski) o U](\f[ki)witki) N 'w](\t[ki))iEN
satisfies the ag-condition.
2) Suppose that there are two strictly increasing sequences of natural numbers

(8i)ien and (t;)ien such that vg\f;) and wgti) lie in the same group I;B\. If the

sequence of lengths (|vg\ji)w§ti) X )ieNn s unbounded, then there is a strictly

increasing sequence of natural numbers (k;)ien such that the sequence of

words (sk;) (sk;) (tr;) (tk;)
(vl ki o UMICilZ(Z)wQ ks e kai )16N7
where 2 e PNIA is the element represented by the word vg\zki)wgt”), satisfies

the ag-condition.

Proof. First we prove 1). Suppose that there is no sequence such (k;);en. Then
there are infinitely many words of the form

O gl )

which do not satisfy the conditions of Definition 3.2. Due to Remark 3.3 we can
assume that all but the second condition are satisfied. Thus by restriction to a
subsequence we can assume that none of the words

ol .Ug\f[i)wgti) . w%i)
has regular neighbourhood. Since the subwords vgsi) a vj(\ji) and wgt") e wj(\t,i) have

regular neighbourhoods we obtain cycles

(3.1) ¢ = ’U((lii) e vg\ffi)wyi) e wl()ji)ui

for some appropriate elements u; € X U H and a;,b; € N. Let a; respectively b;
be maximal respectively minimal for each ¢ € N with the property that there is
a cycle of the form (3.1). Then the components of ¢; are isolated and consist of

single edges. Due to our construction the length of the cycles ¢; is bounded by
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M + N + 1. In this case Lemma 3.4 tells us that there are only finitely many such
cycles. This contradicts the fact that every cycle ¢; contains an edge with the label

wgti’). Indeed, the conditions 4) and 5) of Definition 3.2 immediately imply that
the sequence (|w:(lti)|x)ieN is unbounded.

Case 2) will now be reduced to case 1). Suppose that there is no such sequence
(k;)ien- Then there are infinitely many words of the form

(0 ) 0 ),

with 2(9) = vg\ff)wyi) which do not satisfy the conditions of Definition 3.2. Again,
by applying Remark 3.3 we can assume that all but the second condition are sat-
isfied. Suppose that infinitely many subwords v%si) . ~vj(\zi_)1,z(i) do not have a reg-
ular neighbourhood. Then, by restriction to a subsequence, we can assume that
none of the words v%si) . ~v](\2i)

v%s"') e vg\ff’zl has a regular neighbourhood for every ¢ € N, we can choose a; € N

maximal such that there is a cycle of the form ¢; = vt({?) . ~v§vs;llz(i)ui for some
appropriate element u; € X U H. Due to the maximality of a; the components of
q; are isolated and consist of single edges. Further we see that the length of every
cycle ¢; is bounded by M + 1. Thus, as in case 1), Lemma 3.4 implies that there
are only finitely many cycles ¢;. But this contradicts the assumption that z(*) is
contained in ¢;, since the sequence (|z(i) |x )ien is unbounded.

In particular we see that, by restriction to a subsequence, the words

vgsi) e vg\ffﬂlz(i) and wéti) e wj(\t,")

1z(i) has a regular neighbourhood. Since the word

have regular neighbourhoods and the sequences
@ o) 2Dy and (w8 - w () )ien

satisfy the ag-condition. Due to construction z(¥ and wgti) neither lie both in the

relative generating set X nor they lie in the same group H - Thus the conditions
of case 1) are satisfied and the claim follows. O

Corollary 3.6. Let G be a finitely generated group with a finite generating set X.
Suppose that G is relatively finitely presented with respect to a collection of parabolic
subgroups Hy = {Hx | X\ € A} and that the relative Dehn function o'y, is well
defined. Let (wy)nen be a sequence of words of length m = 2 over the alphabet
X UH which satisfies the ag-condition and let K be the subgroup of G generated by
{w, | n € N}. Then there is a constant C' € N such that for every natural number

L € N there is a sequence of words (vn)neny over X U H such that the following
holds.

1) (vn)nen satisfies the ag-condition.
2) The length of every word vy, is bounded by L < |v,| < L + C.
3) Every word v, represents an element of the group K.

Proof. The definition of the ag-condition implies, that by restriction to a subse-
quence, we can assume that (wy,)nen has one of the following two properties.

1) There is no n € N such that wgn) and wﬁ,? ) represent elements of the same
parabolic subgroup Hy.
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2) For every n € N the elements win) and w'y) represent elements of the same

parabolic subgroup H) and satisfy |w§n) |x, |w§,tf)|X =n.
We will use Lemma 3.5 inductively. We assume that the first case is satisfied. Then
due to Lemma 3.5 1) there are subsequences

(wii") e w%"))neN and (ng") e w%"))neN
such that the concatenated sequence
(Wn)nens = (wi™ - wi ™) - wii ) e
satisfies the ag-condition. Further we have || v, ||= 2m and Lemma 3.5 1) can be

applied to the sequences (v, )neny and (ng”) e w%"))neN. Given a number k € N,
we can construct inductively a sequence of length km that satisfies the ag-condition.

In the case of 2) the unbounded growth of \win)\ x implies that there is a sub-
sequence (wgk”)---w%"))neN such that |w,(ﬁ)w§k")|x > n for every n € N. In
particular we see that Lemma 3.5 2) can be applied to the sequences (w,)nen and

(wg, )nen to obtain a sequence of the form

(Un)nen = (wyn) T wr(yin_)1z(n)w§jn) - ~w,(ﬂ"’))neN

which satisfies the ag-condition. Here the letter z(") e H » corresponds to some

element w,(,i")w?") € Hy. Now we can apply Lemma 3.5 2) to (vp,)nen and an
appropriate subsequence (wy, Jnen Of (W )nen. By induction we obtain sequences
of words of length m + k(m — 1) which satisfy the ag-condition. The claim now
follows by setting C' = m. O

Lemma 3.7. Let G be a finitely generated group with a finite generating set X.
Suppose that G is relatively finitely presented with respect to a collection of parabolic
subgroups Hy = {Hy | A € A} and that the relative Dehn function éaflI{A s well
defined. If (wp)nen s a sequence of words over X u H which satisfies the ag-
condition, then the subgroup K of G generated by {w,, | n € N} is unbounded with
respect to dx -

Proof. Suppose that this is not the case. Then there is a number NV € N such that
the dx_3-length of every element of K is bounded by N. Due to Corollary 3.6
there is a number L > 4N such that there is a sequence of words (vy)nen of
length L over X u H such that (v,)nen satisfies the ag-condition and every word
vy, represents an element of K. By restriction to a subsequence we can assume
that |v,|xon = M < N for every n € N and some appropriate M € N. Thus, for

every n € N there is a geodesic ugn) e ug\z) such that ¢, = UYL) x ~v(Ln)u§") e ux;)
is a cycle in T'(G, X U H). The ag-condition assures that vgn) e ’Uén) has a regular
neighbourhood. In particular the components of vgn) e U(Ln) are isolated and consist
of single edges. Further the ag-condition tells us that at least every second edge is
isolated. Thus there are at least 2N isolated components in v\™ --- o™ We note
that for every isolated component u\™ in u{™ .- u{? there is at most one isolated

(n)
J

would be a connection between two different isolated components of vgn) o v(L") by
a Hy-path in I'(G, X UH). This implies that there are at least 2N —M > N isolated

(n)

component v; "~ in v%n) . -~U(L") which is connected to w;"’, since otherwise there
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components in ¢,. Due to the ag-condition these components grow unboundedly.
But since the dx_x-length of every cycle ¢, is bounded by N + L, we obtain a
contradiction to Lemma 3.4. O

Lemma 3.8. Let G be a finitely generated group with a finite generating set X.
Suppose that G is relatively finitely presented with respect to a collection of parabolic
subgroups Hy = {Hx | X\ € A} and that the relative Dehn function o'y is well
defined. Let K < G be an infinite subgroup which is bounded with respect to the
metric dx_y. Then there is an element g € G and an index n € A such that
lgKg™! n H,| = 0.

Proof. Since K is bounded with respect to dx_3 every conjugate gKg~! is a
bounded subset of T'(G, X UH). Let n € N be minimal with the following property:

(*) There is a conjugate H = gKg~! of K and a finite relative generating set

X of G such that there is an infinite sequence of pairwise distinct elements
k; € H of the form

kj = ul - ul)

such that the words ugj) --uY) are labels of geodesics in I'(G, X U H).

Since G is finitely generated we can enlarge the finite relative generating set of G,

which was chosen with respect to n, to a finite ordinary generating set X = X ! of

G. Indeed, this is possible due to Theorem 2.13 since the minimality of n allows us to

take a subsequence (k) en which also satisfies the condition on n. First we consider

the case that n = 1. In this case the finiteness of X implies that there are infinitely

many elements k; lyingin H = [ (H)\{1}). Further the index set A has to be finite
AEA

€
since G is finitely generated ([Osi06, Corollary 2.48]). Thus there has to be an index

n € A such that infinitely many pairwise distinct elements of the sequence (k;) ey lie

in Efn. In this case, the intersection of H = gK¢~' and the parabolic subgroup o,

is infinite. Next we will show that the assumption n > 2 leads to a contradiction.
Thus, let n = 2. Our goal is to modify the sequence (k) en in such a way that the
ag-condition is satisfied. Suppose that there are infinitely many j € N such that

ugj) € X. Since X is finite there is an element 1 € X and a subsequence (k;j,, )men

of (kj)jen with u(lj"‘) = 17 for every m. Otherwise, if there are only finitely many
(1] ) e X , the finiteness of A implies that there is an index A\; € A and a
gj-m)
element h; € H), such that ugj’") = h; for infinitely many m. Then we can add the

elements h; and hy!' to X and proceed as in the first case by restricting (k;)jen to

a subsequence (k;,, )men such that on the one hand the condition (*) is satisfied and
(Im)
1

J with u

subsequence (k;,, )men With u € H)y, for every m. In this case there could be an

on the other hand u = h; for every m € N. In the remaining case we can choose

a subsequence (k;, )men such that \ufj) x < \ul(.j’"'“)\x for every m € N. In every

case we replace the given sequence with the subsequence. We proceed analogously

with the other indices i € {2,...,n} and we write (g;)jen = (ugj) : ~~u£bj))jeN for
the sequence of elements g; € H obtained in that way. Further we can assume
gj), ufi)l nor the letters qu),u?) both lie

gj)uz(i)l and (ugj)ugi)l)*l (respectively ug)u(lj)

that neither the two consecutive letters

in X, since otherwise we could add u



BOUNDED SUBGROUPS OF RELATIVELY FINITELY PRESENTED GROUPS 9

and (ugf )ugj ))_l) to X in order to obtain a shorter sequence of infinitely many
pairwise distinct elements of H (respectively of u(_J%H ugj )) with respect to dx .
gj ). ufzj ) are labels of geodesics, it follows immediately that two
consecutive letters ugj ) and ul(i)l do not represent elements of the same parabolic

subgroup Hy. To get sure that the sequence (g;) en satisfies the forth condition

of the definition of the ag-condition, an element ugj) . usf) can be replaced by

its inverse (ugj) . -~u£Lj))_1 = (u%))—l - (ugj))_l. Due to Remark 3.3 a further
restriction to an appropriate subsequence provides us with a sequence (g; ) jen which
satisfies the ag-condition. But this contradicts Lemma 3.7 since H was supposed
to be bounded with respect to dx . O

Since the words u

Theorem 3.9. Let G be a finitely generated group with a finite generating set X .
Suppose that G is relatively finitely presented with respect to a collection of parabolic
subgroups Hy = {Hx | A € A} and that the relative Dehn function 656,IHA is well
defined. Let K < G be a subgroup which is bounded with respect to the relative
metric dx 1. Then K is either finite or conjugated to an infinite subgroup of a
parabolic group.

Proof. Suppose that K is an infinite group. Due to Theorem 3.8 there is an index
n € A and an element g € G with |¢gKg~'n H,| = o0. Thus we can choose a sequence
of distinct, nontrivial elements (hy,)nen of gKg~' n H,. Suppose that gKg~' is
not a subgroup of H,. Then there is an element a € gKg '\H,. By adding
a,a” " to X we can ensure that the dx_-length of every element of the sequence
(hna)nen is bounded by 2. It is easily seen that, by restriction to an appropriate
subsequence, the sequence of word over X U H corresponding to (h,a)nen satisfies
the ag-condition. In this case Lemma 3.7 says that the subgroup {{ah, | n € N}
of gKg=! is unbounded with respect to dx_%. This is a contradiction to the
assumption that K is bounded and thus the claim follows. O
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